Introduction {#Sec1}
============

Motivation: Quantitative Homogenization for Nonlinear Equations {#Sec2}
---------------------------------------------------------------

This article is concerned with nonlinear, divergence-form, uniformly elliptic equations of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} - \nabla \cdot \left( D_p L(\nabla u(x),x ) \right) = 0 \quad \text{ in } \ U \subseteq {\mathbb {R}^{d}}, \quad d\geqq 2. \end{aligned}$$\end{document}$$The Lagrangian *L*(*p*, *x*) is assumed to be uniformly convex and regular in *p* and possess some mild regularity in *x*. Furthermore, *L* is a stochastic object: it is sampled by a probability measure $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}$$\end{document}$ which is statistically stationary and satisfies a unit range of dependence. This essentially means that $\documentclass[12pt]{minimal}
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                \begin{document}$$x\mapsto L(\cdot ,x)$$\end{document}$ is a random field, valued in the space of uniformly convex functions, the law of which is independent of *x* (or, to be precise, periodic in *x*; see Section [1.4](#Sec5){ref-type="sec"} for the assumptions).

The objective is to describe the statistical behavior of the solutions of ([1.1](#Equ1){ref-type=""}), with respect to the probability measure $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}$$\end{document}$, on *large length scales*. In other words, we want to understand what the solution *u* looks like in the case that the "macroscopic" domain *U* is very large relative to "microscopic" scale, which is the correlation length scale of the coefficients (taken to the unit scale).

At a qualitative level, a satisfactory characterization of the solutions, in the regime in which the ratio of these two length scales is large, is provided by the principle of homogenization. First proved in this context by Dal Maso and Modica \[[@CR11], [@CR12]\], it asserts roughly that a solution of ([1.1](#Equ1){ref-type=""}) is, with probability approaching one, close in $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$) to a solution of a deterministic equation of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} -\nabla \cdot \left( D_p\overline{L} \left( \nabla {u_{\mathrm{hom}}}\right) \right) = 0 \quad \text{ in } \ U \end{aligned}$$\end{document}$$for an *effective Lagrangian* $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{L}$$\end{document}$ which is also uniformly convex and $\documentclass[12pt]{minimal}
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                \begin{document}$$C^{1,1}$$\end{document}$.

This result is of great importance, from both the theoretical and computation points of view, since the complexity of the homogenized equation ([1.2](#Equ2){ref-type=""}) is significantly less than that of ([1.1](#Equ1){ref-type=""}) as it is both deterministic and spatially homogeneous. It hints that the structure of ([1.1](#Equ1){ref-type=""}) should, on large domains and with high probability, possess some of the structure of a constant coefficient equation and thus we may expect it to be more amenable to our analysis than the worst-possible heterogeneous equation of the form ([1.1](#Equ1){ref-type=""}). In other words, since the Lagrangian *L* is sampled by a probability measure $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}$$\end{document}$ with nice ergodic properties, rather than given to us by the devil, can we expect its solutions to have a nicer structure? In order to answer this kind of question, we need to build a *quantitative* theory of homogenization.

To be of practical use, the principle of homogenization must be made quantitative. We need to have answers to questions such as:How large does the ratio of scale separation need to be before we can be reasonably sure that solutions of ([1.1](#Equ1){ref-type=""}) are close to those of ([1.2](#Equ2){ref-type=""})? In other words, what is the size of a typical error in the homogenization approximation in terms of the size of *U*?Can we estimate the probability of the unlikely event that the error is large?What is $\documentclass[12pt]{minimal}
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                \begin{document}$$D_p\overline{L}$$\end{document}$ and how can we efficiently compute it? How regular can we expect it to be? Can we efficiently compute its derivatives?Can we describe the fluctuations of the solutions?In this paper we show that ([1.1](#Equ1){ref-type=""}) has a $\documentclass[12pt]{minimal}
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                \begin{document}$$C^\infty $$\end{document}$ structure. In particular, we will essentially answer the third question posed above by demonstrating that the effective Lagrangian $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{L}$$\end{document}$ is as regular as $\documentclass[12pt]{minimal}
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                \begin{document}$$L(\cdot ,x)$$\end{document}$ with estimates for its derivatives. We will identify the higher derivatives of $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{L}$$\end{document}$ as the homogenized coefficients of certain *linearized* equations and give quantitative homogenization estimates for these, implicitly indicating a computational method for approximating them and thus a Taylor approximation for $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{L}$$\end{document}$. Finally, we will prove large-scale $\documentclass[12pt]{minimal}
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                \begin{document}$$C^{k,1}$$\end{document}$ type estimates for solutions of ([1.1](#Equ1){ref-type=""}), for $\documentclass[12pt]{minimal}
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                \begin{document}$$k\in \mathbb {N}$$\end{document}$ as large as can be expected from the regularity assumptions on *L*, a result analogous to Hilbert's 19th problem, famously given for spatially homogeneous Lagrangians by De Giorgi and Nash. For this classical result, the main roadblock was in obtaining the continuity of solutions to linear equations, as it is completely straightforward to differentiate the equation apply the Schauder theory, which was previously known. In the case of homogenization, the situation is reversed, as it is less clear how one should "differentiate the equation" since literally doing so would produce negative powers of $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon $$\end{document}$, even if the coefficients were smooth. Our analysis resolves this difficulty and reveals the interplay between these three seemingly different kinds of results: (i) the regularity of $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{L}$$\end{document}$, (ii) the homogenization of linearized equations and the commutability of homogenization and linearization, and (iii) the large-scale regularity of the solutions. These three statements must be proved together, iteratively in the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$k\in \mathbb {N}$$\end{document}$ which represents the degree of regularity of $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{L}$$\end{document}$, the order of the linearized equation, and the order of the $\documentclass[12pt]{minimal}
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                \begin{document}$$C^{k,1}$$\end{document}$ estimate.

Background: Large-Scale Regularity Theory and Its Crucial Role in Quantitative Homogenization {#Sec3}
---------------------------------------------------------------------------------------------

In the last decade, beginning with the work of Gloria and Otto \[[@CR16], [@CR18]\], a quantitative theory of homogenization has been developed to give precise answers to questions like the ones stated in the previous subsection. Until now, most of the progress has come in the case of *linear* equations$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} -\nabla \cdot \mathbf {a}(x) \nabla u = 0, \end{aligned}$$\end{document}$$which corresponds to the special case $\documentclass[12pt]{minimal}
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                \begin{document}$$L(p,x) = \frac{1}{2}p\cdot \mathbf {a}(x)p$$\end{document}$ of ([1.1](#Equ1){ref-type=""}), where $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {a}(x)$$\end{document}$ is a symmetric matrix. By now there is an essentially complete quantitative theory for linear equations, and we refer to the monograph \[[@CR4]\] and the references therein for a comprehensive presentation of this theory. Quantitative homogenization for the nonlinear equation ([1.1](#Equ1){ref-type=""}) has a comparatively sparse literature; in fact, the only such results of which we are aware are those of \[[@CR5], [@CR6]\] (see also \[[@CR4], Chapter 11\]), our previous paper \[[@CR1]\] and a new paper of Fischer and Neukamm \[[@CR14]\] which was posted to arXiv as we were finishing the present article.

Quantitative homogenization is inextractably linked to regularity estimates on the solutions of the heterogeneous equation. This is not surprising when we consider that the homogenized flux $\documentclass[12pt]{minimal}
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                \begin{document}$$D_p\overline{L}(\nabla u_{\mathrm{hom}})$$\end{document}$ should be related to the spatial average (say, on some mesoscopic scale) of the heterogeneous flux $\documentclass[12pt]{minimal}
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                \begin{document}$$D_pL(\nabla u(x),x)$$\end{document}$. In order for spatial averages of the latter to converge nicely, we need to have bounds. It could be unfortunate and lead to a very slow rate of homogenization if, for instance, the flux was concentrated on sets of very small measure which percolate only on very large scales. To rule this out we need much better estimates: ideally, we would like to know that the size of the flux on small scales is the same as on large scales, which amounts to a $\documentclass[12pt]{minimal}
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Unfortunately, solutions of equations with highly oscillating coefficients do not possess very strong regularity, in general. Indeed, the best deterministic elliptic regularity estimate for solutions of ([1.1](#Equ1){ref-type=""}), which does not degenerate as the size of the domain *U* becomes large, is $\documentclass[12pt]{minimal}
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                \begin{document}$$C^{0,\delta }$$\end{document}$ in terms of Hölder regularity (the De Giorgi--Nash estimate) and $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta >0$$\end{document}$ in each estimate becomes small as the ellipticity ratio becomes large (see \[[@CR4], Example 3.1\]) and thus both estimates are far short of the desired regularity class $\documentclass[12pt]{minimal}
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One of the main insights in the quantitative theory of homogenization is that, compared to a generic ("worst-case") *L*, solutions of the equation ([1.1](#Equ1){ref-type=""}) have much better regularity if *L* is sampled by an ergodic probability measure $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}$$\end{document}$. This is an effect of homogenization itself: on large scales, ([1.1](#Equ1){ref-type=""}) should be a "small perturbation" of ([1.2](#Equ2){ref-type=""}), and therefore better regularity estimates for the former can be inherited from the latter. This is the same idea used to prove the classical Schauder estimates. In the context of homogenization, the result states that there exists a random variable $\documentclass[12pt]{minimal}
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                \begin{document}$$r\rightarrow 0$$\end{document}$ in ([1.4](#Equ4){ref-type=""}), it would imply thatwhich is a true Lipschitz estimate, same estimate in fact as holds for the homogenized equation ([1.2](#Equ2){ref-type=""}). As ([1.4](#Equ4){ref-type=""}) is valid only for $\documentclass[12pt]{minimal}
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                \begin{document}$$C^{0,1}$$\end{document}$ estimate" or a "Lipschitz estimate down to the microscopic scale". This estimate, first demonstrated in \[[@CR6]\] in the stochastic setting, is a generalization of the celebrated result in the case of (non-random) periodic coefficients due to Avellaneda and Lin \[[@CR7]\]. Of course, it then becomes very important to quantify the size of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {X}$$\end{document}$. The estimate proved in \[[@CR6]\], which is essentially optimal, states that $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {X}$$\end{document}$ is bounded up to "almost volume-order large deviations": for every $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbb {P}\left[ \mathcal {X}> r \right] \leqq C\exp \left( -cr^s \right) . \end{aligned}$$\end{document}$$Here the constant *C* depends only on *s*, *d*, and the ellipticity. A proof of this large-scale regularity estimate together with ([1.5](#Equ5){ref-type=""}) can be found in \[[@CR4], Chapter 3\] in the linear case and in \[[@CR4], Chapter 11\] for the nonlinear case. The right side of ([1.5](#Equ5){ref-type=""}) represents the probability of the unlikely event that the *L* sampled by $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}$$\end{document}$ will be a "worst-case" *L* in the ball of radius *r*. A proof of the optimality of ([1.5](#Equ5){ref-type=""}) can be found in \[[@CR4], Section 3.6\].

This large-scale regularity theory introduced in \[[@CR6]\] was further developed in the case of ([1.3](#Equ3){ref-type=""}) in \[[@CR2], [@CR3], [@CR5], [@CR15], [@CR17]\] and now plays an essential role in the quantitative theory of stochastic homogenization. Whether one employs functional inequalities \[[@CR13], [@CR17]\] or renormalization arguments \[[@CR2], [@CR3], [@CR19]\], it is a crucial ingredient in the proof of the optimal error estimates in homogenization for ([1.3](#Equ3){ref-type=""}): see the monograph \[[@CR4]\] and the references therein for a complete presentation of these developments.
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                \begin{document}$$C^{0,1}$$\end{document}$ estimate is, from one point of view, the best regularity one can expect solutions of ([1.1](#Equ1){ref-type=""}) or ([1.3](#Equ3){ref-type=""}) to satisfy: since the coefficients are rapidly oscillating, there is no hope for the gradient to exhibit continuity on the macroscopic scale. However, as previously shown in the periodic case in \[[@CR7], [@CR9]\], the solutions of the linear equation ([1.3](#Equ3){ref-type=""}) still have a $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \inf _{p\in \mathcal {P}_k} \left\| u - p\right\| _{\underline{L}^2(B_r)} \leqq C \left( \frac{r}{R} \right) ^{k+1} \inf _{p\in \mathcal {P}_k} \left\| u - p\right\| _{\underline{L}^2(B_R)}. \end{aligned}$$\end{document}$$Moreover, the infimum on the left side may be replaced by the set of *harmonic* polynomials of degree at most *k*.

As we cannot expect a solution of ([1.1](#Equ1){ref-type=""}) to have regularity beyond $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^{0,1}$$\end{document}$ in a classical (pointwise) sense, in order to make sense of a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^{k,1}$$\end{document}$ estimate for the heterogeneous equation ([1.3](#Equ3){ref-type=""}) we need to replace the set of polynomials by a heterogeneous analogue. The classical Liouville theorem says that the set of harmonic functions which grow like $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}$$\end{document}$-almost surely, this set is finite dimensional and has the same dimension as the set of at most *k*th order harmonic polynomials. In fact, one can match any $\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{\mathbf {a}}}$$\end{document}$-harmonic polynomial in the highest degree, and vice versa. In close analogy to ([1.6](#Equ6){ref-type=""}), the statement of large-scale $\documentclass[12pt]{minimal}
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                \begin{document}$$C^{k,1}$$\end{document}$ regularity is then as follows: there exists a minimal scale $\documentclass[12pt]{minimal}
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                \begin{document}$$-\nabla \cdot \mathbf {a}\nabla u =0$$\end{document}$, we can find $\documentclass[12pt]{minimal}
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                \begin{document}$$r\in \left[ \mathcal {X},\tfrac{1}{2} R \right] $$\end{document}$,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left\| u - \phi \right\| _{\underline{L}^2(B_r)} \leqq C \left( \frac{r}{R} \right) ^{k+1} \inf _{\phi \in \mathcal {A}_k} \left\| u - \phi \right\| _{\underline{L}^2(B_R)}; \end{aligned}$$\end{document}$$see \[[@CR4], Theorem 3.8\] for the full statement, which was first proved in the periodic setting by Avellaneda and Lin \[[@CR8]\]. Subsequent versions of this result, which are based on the ideas of \[[@CR7], [@CR8]\] in their more quantitative formulation given in \[[@CR6]\], were proved in various works \[[@CR2], [@CR15], [@CR17]\], with the full statement here given in \[[@CR3], [@CR10]\].

In all of its various forms, higher regularity in stochastic homogenzations is based on the simple idea that solutions of the heterogeneous equation should be close to those of the homogenized equation, which should have much better regularity. In the case of the linear equation ([1.3](#Equ3){ref-type=""}), it does not a large leap, technically or philosophically, to go from ([1.4](#Equ4){ref-type=""}) to ([1.7](#Equ7){ref-type=""}). Indeed, to gain control over higher derivatives, one just needs to differentiate the equation (not in the microscopic parameters, of course, but in macroscopic ones) and, luckily, since the equation is linear, this does not change the equation. Roughly speaking, the idea is analogous to bootstrapping the regularity of a constant-coefficient, linear equation by differentiating it. Therefore the estimate ([1.7](#Equ7){ref-type=""}) is perhaps not too surprising once one has the large-scale $\documentclass[12pt]{minimal}
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                \begin{document}$$C^{0,1}$$\end{document}$ estimate in hand.

Summary of the Results Proved in this Paper {#Sec4}
-------------------------------------------

The situation is very different in the nonlinear case. When one differentiates the equation (again, in a macroscopic parameter) we get a new equation, namely the first-order linearized equation. If we want to apply a large-scale regularity result to this equation, we must first (quantitatively) homogenize it! Achieving higher-order regularity estimates requires repeatedly differentiating the equation, which lead to a hierarchy of linearized equations requiring homogenization estimates.

Let us be a bit more explicit. The gradient of the homogenized Lagrangian $\documentclass[12pt]{minimal}
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                \begin{document}$$p\in {\mathbb {R}^{d}}$$\end{document}$, that is, it satisfies$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\{ \begin{aligned}&-\nabla \cdot D_pL(p+\nabla \phi _p(x),x) = 0 \quad \text{ in } \ {\mathbb {R}^{d}}, \\&\nabla \phi _p \quad \text{ is } \mathbb {Z}^{d}\text{-stationary, } \quad \mathbb {E}\left[ \int _{[0,1]^d} \nabla \phi _p(x) \,\mathrm{d}x \right] =0. \end{aligned} \right. \end{aligned}$$\end{document}$$The limit in the second line of ([1.8](#Equ8){ref-type=""}) is to be understood in a $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}$$\end{document}$-almost sure sense, and it is a consequence of the ergodic theorem, which states that macroscopic averages of stationary fields must converge to their expectations. The formula ([1.8](#Equ8){ref-type=""}) says that $\documentclass[12pt]{minimal}
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                \begin{document}$$D_p\overline{L}(p)$$\end{document}$ is the flux per unit volume of the first-order corrector with slope $\documentclass[12pt]{minimal}
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                \begin{document}$$p\in {\mathbb {R}^{d}}$$\end{document}$. It naturally arises when we homogenize the nonlinear equation. We can try to show that $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{L}\in C^2$$\end{document}$ by formally differentiating ([1.8](#Equ8){ref-type=""}), which leads to the expression$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} D_p \partial _{p_i} \overline{L}(p) = \mathbb {E}\left[ \int _{[0,1]^d} D_p^2L\left( p+ \nabla \phi _p(x),x\right) \left( e_i + \nabla \left( \partial _{p_i}\phi _p(x) \right) \right) \,\mathrm{d}x \right] . \end{aligned}$$\end{document}$$If we define the linearized coefficients around $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell _p + \phi _p$$\end{document}$ by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbf {a}_p (x) :=D_p^2L\left( p+ \nabla \phi _p(x),x\right) \end{aligned}$$\end{document}$$and put $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi ^{(1)}_{p,e_i}:= \partial _{p_i}\phi _p(x)$$\end{document}$, then we see that $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi ^{(1)}_{p,e_i}$$\end{document}$ is the first-order corrector with slope $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e_i$$\end{document}$ of the linear equation with coefficients $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left\{ \begin{aligned}&-\nabla \cdot \mathbf {a}_p\left( e_i + \nabla \psi ^{(1)}_{p,e_i} \right) = 0 \quad \text{ in } \ {\mathbb {R}^{d}}, \\&\nabla \psi ^{(1)}_{p,e_i} \quad \text{ is } \mathbb {Z}^{d}\text{-stationary, } \quad \mathbb {E}\left[ \int _{[0,1]^d} \nabla \psi _{p,e_i}(x) \,\mathrm{d}x \right] =0. \end{aligned} \right. \end{aligned}$$\end{document}$$We call $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi ^{(1)}_{p,e}$$\end{document}$ a *first-order linearized corrector*. Moreover, we have the formula$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} D_p \partial _{p_i} \overline{L}(p) = \mathbb {E}\left[ \int _{[0,1]^d} \mathbf {a}_p(x) \left( e_i + \nabla \psi _{p,e_i} (x) \right) \,\mathrm{d}x \right] = {\overline{\mathbf {a}}}_p e_i. \end{aligned}$$\end{document}$$That is, "linearization and homogenization commute": the Hessian of $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{L}$$\end{document}$ at *p* should be equal to the homogenized coefficients $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {a}_p=D^2_pL(p+\nabla \phi _p(\cdot ),\cdot )$$\end{document}$. This reasoning is only formal, but since the right side of the above formula for $\documentclass[12pt]{minimal}
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                \begin{document}$$D^2_p\overline{L}$$\end{document}$ is well-defined (and only needs qualitative homogenization), we should expect that it should be rather easy to confirm it rigorously. Moreover, while quantitative homogenization of the original nonlinear equation gives us a $\documentclass[12pt]{minimal}
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                \begin{document}$$C^{0,1}$$\end{document}$ estimate for *differences of solutions* and a large-scale $\documentclass[12pt]{minimal}
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                \begin{document}$$C^{1,1}$$\end{document}$ estimate for solutions. This is indeed the case and was proved in our previous paper \[[@CR1]\], where we were motivated by the goal of obtaining this regularity estimate for differences of solutions in anticipation of its important role in the proof of optimal quantitative homogenization estimates. Indeed, in the very recent preprint \[[@CR14]\], Fischer and Neukamm showed that this estimate can be combined with spectral gap-type assumptions on the probability measure to obtain quantitative bounds on the first-order correctors which are optimal in the scaling of the error.

We may attempt to differentiate the formula for the homogenized Lagrangian a second time, with the ambition of obtaining a $\documentclass[12pt]{minimal}
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                \begin{document}$$C^{2,1}$$\end{document}$ estimate for solutions and a higher-order improvement of our $\documentclass[12pt]{minimal}
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                \begin{document}$$C^{0,1}$$\end{document}$ estimate for differences (which will be a $\documentclass[12pt]{minimal}
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                \begin{document}$$C^{0,1}$$\end{document}$ estimate for *linearization errors*): we get$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&D_p \partial _{p_i} \partial _{p_j} \overline{L}(p) = \mathbb {E}\left[ \int _{[0,1]^d} \mathbf {a}_p (x)\nabla \psi ^{(2)}_{p,e_i,e_j} (x) \,\mathrm{d}x \right] \\&\quad + \mathbb {E}\left[ \int _{[0,1]^d} D^3L(p+\nabla \phi _p(x),x) \left( e_i + \nabla \psi ^{(1)}_{p,e_i} \right) \left( e_j + \nabla \psi ^{(1)}_{p,e_j} \right) \,\mathrm{d}x \right] . \end{aligned}$$\end{document}$$If we define the vector field$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbf {F}_{2,p,e_i,e_j} (x) := D^3L(p+\nabla \phi _p(x),x) \left( e_i + \nabla \psi ^{(1)}_{p,e_i} \right) \left( e_j + \nabla \psi ^{(1)}_{p,e_j} \right) , \end{aligned}$$\end{document}$$then we see that $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi ^{(2)}_{p,e_i,e_j}$$\end{document}$ is the first-order corrector with slope zero of the linear equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} -\nabla \cdot \mathbf {a}_p \nabla \psi ^{(2)}_{p,e_i,e_j} = \nabla \cdot \mathbf {F}_{2,p,e_i,e_j} \quad \text{ in } \ {\mathbb {R}^{d}}, \end{aligned}$$\end{document}$$and the formula for the tensor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D^3_p\overline{L}$$\end{document}$ becomes$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} D_p \partial _{p_i} \partial _{p_j} \overline{L}(p) = \mathbb {E}\left[ \int _{[0,1]^d} \mathbf {a}_p (x)\nabla \psi ^{(2)}_{p,e_i,e_j} (x) +\mathbf {F}_{2,p,e_i,e_j} (x) \,\mathrm{d}x \right] = \overline{\mathbf {F}}_{2,p,e_i,e_j}, \end{aligned}$$\end{document}$$the corresponding homogenized coefficient. Unlike the case for the Hessian of $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{L}$$\end{document}$, we should *not* expect this formula to be valid under qualitative ergodic assumptions! Indeed, the qualitative homogenization of ([1.9](#Equ9){ref-type=""}) and thus the validity of ([1.10](#Equ10){ref-type=""}) requires that $\documentclass[12pt]{minimal}
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                \begin{document}$$L^1$$\end{document}$-type integrability for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {F}_{2,p,e_i,e_j}$$\end{document}$.[1](#Fn1){ref-type="fn"} This is a serious problem which can only be fixed using the large-scale regularity theory for the first-order linearized equation, and a suitable bound on the minimal scale $\documentclass[12pt]{minimal}
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If we differentiate the equation once more in an effort to prove that $\documentclass[12pt]{minimal}
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Once this induction argument is completed, we consequently obtain a full $\documentclass[12pt]{minimal}
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In this paper we also prove a large-scale version of the quadratic response to first-order linearization in the context of homogenization, which states that ([1.12](#Equ12){ref-type=""}) holds with $\documentclass[12pt]{minimal}
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In the next two subsections, we state our assumptions and give the precise statements of the results discussed above.

Assumptions and Notation {#Sec5}
------------------------

In this subsection, we state the standing assumptions in force throughout the paper.
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Statement of the Main Results {#Sec6}
-----------------------------
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### Theorem 1.2 {#FPar2}

(Homogenization of higher-order linearized equations).
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The first is the following result on precision of the higher-order linearization approximations which matches the one we have in the constant-coefficient case, as discussed near the end of Section [1.3](#Sec4){ref-type="sec"}:

### Corollary 1.4 {#FPar4}
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Corollary [1.4](#FPar4){ref-type="sec"} is an easy consequence of the previous theorems stated above. Its proof is presented in Section [6](#Sec27){ref-type="sec"}.
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### Theorem 1.6 {#FPar6}
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The proof of Theorem [1.6](#FPar6){ref-type="sec"} is given in Section [7](#Sec28){ref-type="sec"}.

We conclude this introduction with some comments about the possibility of generalizing our results in two different directions. First, it is not possible that our results can be extended from the scalar case to general nonlinear elliptic systems. Indeed, for even for *constant-coefficient*, analytic Lagrangians exhibiting uniform ellipticity and quadratic growth, there are explicit counterexamples (in dimensions larger than two) demonstrating that solutions may not even be Lipschitz: see for instance the dark side survey \[[@CR22], Sections 3.3 & 3.4\]. However, our arguments readily adapt in certain situations special cases (as might be expected), such as the two dimensional case or under an assumption that *L* has a particular form such as an Uhlenbeck-type structure (see \[[@CR22], Section 4.7\]). Roughly speaking, if one can identify conditions under which constant-coefficient elliptic systems have $\documentclass[12pt]{minimal}
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                \begin{document}$$p\in (1,\infty ) {\setminus } \{2\}$$\end{document}$, under assumptions such as \[[@CR22], (2.20)\]. This is indeed an interesting problem which seems to be wide open. Of course, qualitative homogenization is well-known in such a setting \[[@CR11], [@CR12]\]. The main roadblock at the present time to establishing a quantitative theory of homogenization, as well as a large-scale regularity theory, is a better understanding of the homogenized Lagrangian. In particular, we would need to show that ellipticity and growth assumptions such as \[[@CR22], (2.20)\] are preserved by homogenization, without which there is no hope for higher regularity. To our knowledge this is open even in the periodic setting.

Appendices C--E of this paper contain estimates for constant-coefficient equations which are essentially known but not to our knowledge written anywhere. We also collect some auxiliary estimates and computations in Appendices A and B.

Regularity Estimates for the Effective Lagrangian {#Sec7}
=================================================
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The First-Order Correctors and Linearized Correctors {#Sec8}
----------------------------------------------------

In this subsection we construct the linearized correctors up to order $\documentclass[12pt]{minimal}
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Before the main statements, let us collect a few preliminary elementary results needed in the proofs. The following lemma is well-known and can be proved by the Lax--Milgram lemma (see for instance \[[@CR21], Chapter 7\]).

### Lemma 2.1 {#FPar7}
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*Step 5*. Conclusion. Combining ([2.23](#Equ55){ref-type=""}) with ([2.25](#Equ57){ref-type=""}), ([2.26](#Equ58){ref-type=""}) and ([2.27](#Equ59){ref-type=""}) yields ([2.20](#Equ52){ref-type=""}) by Young's inequality. Now, ([2.20](#Equ52){ref-type=""}) implies ([2.19](#Equ51){ref-type=""}) for $\documentclass[12pt]{minimal}
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### Lemma 2.5 {#FPar14}
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The proof of Lemma [2.5](#FPar14){ref-type="sec"} relies on a general principle in polarization based on multilinear analysis, and it is formalized in the following lemma:

### Lemma 2.6 {#FPar15}
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### Proof {#FPar16}

We show the equivalent statement that$$\documentclass[12pt]{minimal}
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### Proof of Lemma 2.5 {#FPar17}

The lemma follows from Lemmas [2.3](#FPar10){ref-type="sec"}, [2.4](#FPar12){ref-type="sec"}, [2.6](#FPar15){ref-type="sec"}, and ([2.16](#Equ48){ref-type=""}).
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It is a well-known and easy consequence of qualitative homogenization that $\documentclass[12pt]{minimal}
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### Proposition 2.8 {#FPar20}
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### Remark 2.9 {#FPar22}

Since we now have that Theorem [1.1](#FPar1){ref-type="sec"} is valid for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n+1$$\end{document}$, we also have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p \mapsto \overline{F}_{n+2}(p,\cdot ,\ldots ,\cdot )$$\end{document}$ belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^{0,\beta }$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta \in (0,1)$$\end{document}$. In particular, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta \in (0,1)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {M}\in [1,\infty )$$\end{document}$, there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C(n,\beta ,\mathsf {M},\mathrm {data})<\infty $$\end{document}$ such that, for every tuplet $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(h_1,\ldots ,h_{n+1}) \in \mathbb {R}^d \times \ldots \mathbb {R}^d$$\end{document}$, we have that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left[ F_{n+2}(\cdot ,h_1,\ldots ,h_{n+1}) \right] _{C^{0,\beta }(B_{\mathsf {M}} )} \leqq C \sum _{i=1}^{n+1} |h_i|^{\frac{n+2}{i}}. \end{aligned}$$\end{document}$$

Sublinearity of Correctors {#Sec10}
--------------------------

By the ergodic theorem, we have that, for every $\documentclass[12pt]{minimal}
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### Lemma 2.10 {#FPar23}
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### Proof {#FPar24}
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### Lemma 2.11 {#FPar25}
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Quantitative Homogenization of the Linearized Equations {#Sec11}
=======================================================
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Stationary, Finite Range Coefficient Fields {#Sec12}
-------------------------------------------

We proceed in a similar fashion as in \[[@CR1], Section 3.4\] by introducing approximating equations which are stationary and localized.
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Setup of the Proof of Theorem [1.2](#FPar2){ref-type="sec"} {#Sec13}
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The Mesoscopic Parameters *k* and *l* {#Sec15}
-------------------------------------
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The Minimal Scales {#Sec16}
------------------
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The Proof of the Local Stationary Approximation {#Sec17}
-----------------------------------------------
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### Proof {#FPar36}
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In view of the discussion in Sections [3.4](#Sec15){ref-type="sec"} and [3.5](#Sec16){ref-type="sec"}, Lemma [3.5](#FPar35){ref-type="sec"} implies ([3.29](#Equ104){ref-type=""}).

Homogenization Estimates for the Approximating Equations {#Sec18}
--------------------------------------------------------

To prepare for the proof of ([3.29](#Equ104){ref-type=""}), we apply the quantitative homogenization estimates proved in \[[@CR4]\] for the linear equation ([3.4](#Equ79){ref-type=""}). We denote by $\documentclass[12pt]{minimal}
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Homogenization of the Locally Stationary Equation {#Sec19}
-------------------------------------------------

We next present the proof of ([3.30](#Equ105){ref-type=""}), which is the final step in the proof of Theorem [1.2](#FPar2){ref-type="sec"}. The argument follows a fairly routine (albeit technical) two-scale expansion argument and requires the homogenization estimates given in Section [3.7](#Sec18){ref-type="sec"}.

### The proof of (3.30) {#FPar41}
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In view of the selection of the mesoscopic parameters *k* and *l* in Section [3.4](#Sec15){ref-type="sec"}, which gives us ([3.41](#Equ116){ref-type=""}), the proof of ([3.30](#Equ105){ref-type=""}) is now complete. $\documentclass[12pt]{minimal}
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The goal of this section is to prove the half of Theorem [1.3](#FPar3){ref-type="sec"}, namely estimate ([1.22](#Equ22){ref-type=""}) for $\documentclass[12pt]{minimal}
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Both of the estimate in the conditional proof of Theorem [1.3](#FPar3){ref-type="sec"} are obtained by "harmonic" approximation: homogenization says that on large scales the heterogeneous equations behave like the homogenized equations, and therefore we may expect the former to inherit some of the better regularity estimates of the latter. The quantitative version of the homogenization statement provided by Theorem [1.2](#FPar2){ref-type="sec"} allows us to prove a $\documentclass[12pt]{minimal}
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The large-scale regularity estimates are obtained by approximating the solutions of the linearized equations for the heterogeneous Lagrangian *L*, as well as the linearization errors, by the solutions of the linearized equations for the homogenized Lagrangian $\documentclass[12pt]{minimal}
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We begin by giving a quantitative statement concerning the smoothness of solutions to the linearized equations for the homogenized operator $\documentclass[12pt]{minimal}
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### Lemma 4.1 {#FPar42}
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### Proof {#FPar43}
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To show Lipschitz estimates for the linearization errors in the next section, we need a small variant of the previous proposition.

### Lemma 4.4 {#FPar47}

Assume that ([4.1](#Equ149){ref-type=""}) holds. Fix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {M} \in [1,\infty )$$\end{document}$. Then there exist constants $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha (\mathrm {data}),\sigma (n,\mathsf {M},\mathrm {data}), \theta (n,\mathsf {M},\mathrm {data}) \in \left( 0, \frac{1}{2} \right] $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C(\sigma ,\mathsf {M},\mathrm {data})<\infty $$\end{document}$, and a random variable $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {X}$$\end{document}$ satisfying$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal {X}\leqq \mathcal {O}_{\sigma }(C) \end{aligned}$$\end{document}$$such that the following statement is valid. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R \in [\mathcal {X}, \infty )$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u,w_1,\ldots ,w_{n}$$\end{document}$ satisfy, for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m\in \{1,\ldots ,n+1\}$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\{ \begin{aligned}&-\nabla \cdot \left( D_pL\left( \nabla u,x \right) \right) = 0&\text{ in }&\ B_R, \\&-\nabla \cdot \left( D^2_pL\left( \nabla u,x \right) \nabla w_m \right) = \nabla \cdot \left( \mathbf {F}_m(\nabla u,\nabla w_1,\ldots ,\nabla w_{m-1})\right)&\text{ in }&\ B_{R}, \end{aligned} \right. \end{aligned}$$\end{document}$$and, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \in [\mathcal {X}, \frac{1}{2} R]$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} -\nabla \cdot \left( D^2_pL\left( \nabla u,x \right) \nabla w_{n+2} \right) = \nabla \cdot \left( \mathbf {F}_m(\nabla u,\nabla w_1,\ldots ,\nabla w_{n+1})\right) \quad \text{ in } \ B_{r}, \end{aligned}$$\end{document}$$where *u* satisfy the normalization$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{1}{R} \left\| u - (u)_{B_R} \right\| _{\underline{L}^2\left( B_{R} \right) } \leqq \mathsf {M}. \end{aligned}$$\end{document}$$Then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\inf _{\ell \in \mathcal {P}_1} \frac{1}{\theta r}\left\| w_{n+2} - \ell \right\| _{\underline{L}^2(B_{\theta r})} \nonumber \\&\quad \leqq \frac{1}{2} \inf _{\ell \in \mathcal {P}_1} \frac{1}{r} \left\| w_{n+2} - \ell \right\| _{\underline{L}^2(B_r)} + C \left( \frac{r}{R} + \frac{1}{r} \right) ^{\alpha } \frac{1}{r} \left\| w_{n+2} - \left( w_{n+2} \right) _{B_r} \right\| _{\underline{L}^2(B_r)} \nonumber \\&\qquad + C\left( \frac{r}{R} + \frac{1}{r} \right) ^{\alpha } \ \sum _{i=1}^{n+1} \left( \frac{1}{R} \left\| w_{i} - \left( w_{i} \right) _{B_R} \right\| _{\underline{L}^2(B_R)}\right) ^{\frac{n+2}{i}} . \end{aligned}$$\end{document}$$

### Proof {#FPar48}
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Improvement of Spatial Integrability {#Sec23}
------------------------------------
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In the next lemma we finally achieve the goal of this section, which is to show that ([4.1](#Equ149){ref-type=""}) implies ([1.22](#Equ22){ref-type=""}) for $\documentclass[12pt]{minimal}
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### Lemma 4.6 {#FPar51}
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The above proof, in view of Remark [4.3](#FPar45){ref-type="sec"}, gives the following result without assuming ([4.1](#Equ149){ref-type=""}). This, together with ([5.1](#FPar54){ref-type="sec"}) below, serves as the base case for the induction.

### Proposition 4.7 {#FPar53}
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We start by proving higher integrability for a difference of two solutions. This, together with Proposition [4.7](#FPar53){ref-type="sec"}, yields the base case for the induction.
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Improvement of Spatial Integrability {#Sec26}
------------------------------------

Following the strategy in Section [4.3](#Sec23){ref-type="sec"}, we improve the spatial integrability of ([5.6](#Equ190){ref-type=""}) from $\documentclass[12pt]{minimal}
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Sharp Estimates of Linearization Errors {#Sec27}
=======================================

Here we show that Corollary [1.4](#FPar4){ref-type="sec"} is a consequence of Theorems [1.1](#FPar1){ref-type="sec"}, [1.2](#FPar2){ref-type="sec"} and [1.3](#FPar3){ref-type="sec"}.

Proof of Corollary 1.4 {#FPar58}
----------------------
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Liouville Theorems and Higher Regularity {#Sec28}
========================================

In this section we prove Theorem [1.6](#FPar6){ref-type="sec"} by an induction in the degree *n*. The initial step $\documentclass[12pt]{minimal}
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Remark 7.1 {#FPar59}
----------
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Remark 7.2 {#FPar60}
----------

We show that there is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{w}$$\end{document}$ such that ([7.13](#Equ223){ref-type=""}) is valid. Indeed, by letting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{v}$$\end{document}$ solve$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\{ \begin{aligned}&-\nabla \cdot {\overline{\mathbf {a}}}_p \nabla \overline{v} = \nabla \cdot \overline{\mathbf {F}}(p,\nabla \overline{w}_1,\ldots ,\nabla \overline{w}_{n-1})&\text{ in }&\ B_{R},\\&\overline{v} = 0&\text{ on }&\ \partial B_{R}, \end{aligned} \right. \end{aligned}$$\end{document}$$using the fact that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{\mathbf {F}}(p,\nabla \overline{w}_1,\ldots ,\nabla \overline{w}_{n-1}) $$\end{document}$ is a polynomial of degree *n*, it is straightforward to show by homogeneity that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \overline{w}(x) = \sum _{m=2}^{n+1} \frac{1}{m!} \nabla ^m \overline{v}(0) x^{\otimes m} \end{aligned}$$\end{document}$$solves$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} -\nabla \cdot \left( {\overline{\mathbf {a}}}\nabla \overline{w}\right) = \nabla \cdot \overline{\mathbf {F}}(p,\nabla \overline{w}_1,\ldots ,\nabla \overline{w}_{n-1}) \quad \text{ in } \; \mathbb {R}^d . \end{aligned}$$\end{document}$$We have the estimate$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left| \nabla ^{m+1} \overline{v}(0) \right| \leqq C \sum _{k=0}^{m+1} R^{k - m} \left\| \nabla ^k \overline{\mathbf {F}}(p,\nabla \overline{w}_1,\ldots ,\nabla \overline{w}_{n-1}) \right\| _{\underline{L}^2 \left( B_{R} \right) } \end{aligned}$$\end{document}$$for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \in \{1,\ldots ,n\}$$\end{document}$, and by the equations of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{w}_1,\ldots ,\overline{w}_{n-1}$$\end{document}$ we see that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| \nabla ^k \overline{\mathbf {F}}(p,\nabla \overline{w}_1,\ldots ,\nabla \overline{w}_{n-1}) \right\| _{\underline{L}^2 \left( B_{R} \right) } \leqq C R^{-k} \left( \sum _{i=1}^{n-1} \frac{1}{R} \left\| \overline{w}_i \right\| _{\underline{L}^2 \left( B_{R} \right) } \right) ^{\frac{n}{i}} . \end{aligned}$$\end{document}$$Therefore, for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R>0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \in \{1,\ldots ,n\}$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left| \nabla ^{m+1} \overline{v}(0) \right| \leqq C R^{-m} \left( \sum _{i=1}^{n-1} \frac{1}{R} \left\| \overline{w}_i \right\| _{\underline{L}^2 \left( B_{R} \right) } \right) ^{\frac{n}{i}} . \end{aligned}$$\end{document}$$Thus we have that, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t \geqq R$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| \nabla \overline{w} \right\| _{\underline{L}^2 \left( B_{t} \right) } \leqq C \left( \frac{t}{R} \right) ^{n} \left( \sum _{i=1}^{n-1} \frac{1}{R} \left\| \overline{w}_i \right\| _{\underline{L}^2 \left( B_{R} \right) } \right) ^{\frac{n}{i}} , \end{aligned}$$\end{document}$$which yields ([7.13](#Equ223){ref-type=""}).

We now turn to the proof of the large-scale $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^{n,1}$$\end{document}$ estimate.

*Proof of Theorem*[1.6](#FPar6){ref-type="sec"}$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {(iii)}_n$$\end{document}$ Fix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {M} \in [1,\infty )$$\end{document}$. By Theorem [1.3](#FPar3){ref-type="sec"} there exist constants $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma (n,\mathsf {M},\mathrm {data}) \in (0,1)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C(n,\mathsf {M},\mathrm {data})<\infty $$\end{document}$ and a random variable $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {X}$$\end{document}$ satisfying $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {X}\leqq \mathcal {O}_\sigma (C)$$\end{document}$ so that the statement of Theorem [1.3](#FPar3){ref-type="sec"} is valid with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q = 2(n+2)$$\end{document}$. We now divide the proof in two steps.

*Step 1.* Induction assumption. Assume $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {(iii)}_{n-1}$$\end{document}$. Consequently there is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p \in B_{C}$$\end{document}$ and a tuplet $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(w_1,\ldots ,w_{n-1})$$\end{document}$ such that, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \in \{0,\ldots ,n-1\}$$\end{document}$ and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \xi _k(x) = v(x) - p \cdot x - \phi _p(x) - \sum _{i=1}^{k} \frac{w_i(x)}{i!} , \qquad \xi _0(x) := v(x) - p \cdot x - \phi _p(x), \end{aligned}$$\end{document}$$we have that there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C(k,\mathsf {M},\mathrm {data})$$\end{document}$ such that, for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \in \{0,\ldots ,n-1\}$$\end{document}$ and for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \in [\mathcal {X}, \frac{1}{2} (1+ 2^{-k-2})R]$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| \nabla \xi _m \right\| _{\underline{L}^{2}(B_r)} \leqq C \left( \frac{r}{R} \right) ^{m+1} \left( \mathsf {H}_k^{m+1} \wedge \inf _{\phi \in \mathcal {L}_1} \frac{1}{R} \left\| v - \phi \right\| _{\underline{L}^2 \left( B_{R} \right) } \right) , \end{aligned}$$\end{document}$$where we denote, in short,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathsf {H}_m := \sum _{i=0}^{m} \left( \frac{1}{R} \left\| \xi _i - (\xi _i)_{B_R} \right\| _{\underline{L}^2(B_{R})} \right) ^{\frac{1}{i+1}} . \end{aligned}$$\end{document}$$Our goal is to show that ([7.16](#Equ226){ref-type=""}) continues to hold with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m=n$$\end{document}$ and for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \in [\mathcal {X}, \frac{1}{2} (1+ 2^{-n-2})R]$$\end{document}$. The base case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=1$$\end{document}$ is valid since, by \[[@CR1], Theorem 1.3\], we have that there is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ p \in B_C$$\end{document}$ such that, for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \in [\mathcal {X}, \frac{3}{4} R]$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| \nabla \xi _0 \right\| _{\underline{L}^2 \left( B_{r} \right) } \leqq C\left( \frac{r}{R} \right) \inf _{\phi \in \mathcal {L}_1} \frac{1}{R} \left\| v - \phi \right\| _{\underline{L}^2 \left( B_{R} \right) }. \end{aligned}$$\end{document}$$*Step 2.* Construction of a special solution. We construct a solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{w}_n$$\end{document}$ of$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} - \nabla \cdot \left( \mathbf {a}_p \nabla \tilde{w}_n \right) = \nabla \cdot \mathbf {F}_n \left( p+ \nabla \phi _p , \nabla w_1,\ldots , \nabla w_{n-1} ,\cdot \right) \quad \text{ in } \, \mathbb {R}^d \end{aligned}$$\end{document}$$satisfying, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \geqq \mathcal {X}$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| \nabla \tilde{w}_n \right\| _{\underline{L}^{2(n+1)}(B_r)} \leqq C \left( \frac{r}{R} \right) ^{n} \left( \mathsf {H}_{n-1}^{n} \wedge \inf _{\phi \in \mathcal {L}_1} \frac{1}{R} \left\| v - \phi \right\| _{\underline{L}^2 \left( B_{R} \right) }\right) . \end{aligned}$$\end{document}$$To show this, it first follows by ([7.16](#Equ226){ref-type=""}) and the triangle inequality that, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \in \{1,\ldots ,n-1\}$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| \nabla w_m \right\| _{\underline{L}^{2}(B_r)} \leqq C \left( \inf _{\phi \in \mathcal {L}_1} \frac{1}{R} \left\| v - \phi \right\| _{\underline{L}^2 \left( B_{R} \right) }\right) ^{\frac{1}{m+1}} \left\| \nabla \xi _m \right\| _{\underline{L}^{2}(B_r)}^{\frac{m}{m+1}} + \left\| \nabla \xi _{m-1} \right\| _{\underline{L}^{2}(B_r)} . \end{aligned}$$\end{document}$$Since we have Theorem [1.3](#FPar3){ref-type="sec"} at our disposal with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q = 2(n+1)$$\end{document}$, we can increase the integrability and obtain by ([1.22](#Equ22){ref-type=""}) and ([7.16](#Equ226){ref-type=""}) that, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \in [\mathcal {X}, \frac{1}{2} (1+ \frac{3}{8} 2^{-n})R]$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \in \{1,\ldots ,n-1\}$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| \nabla w_m \right\| _{\underline{L}^{2(n+1)}(B_r)} \leqq C \left( \frac{r}{R} \right) ^{m} \left( \mathsf {H}_{m}^{m} \wedge \inf _{\phi \in \mathcal {L}_1} \frac{1}{R} \left\| v - \phi \right\| _{\underline{L}^2 \left( B_{R} \right) }\right) . \end{aligned}$$\end{document}$$Consequently, by ([1.23](#Equ23){ref-type=""}) and ([7.20](#Equ230){ref-type=""}), we also get, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \in \{0,\ldots ,n-1\}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \in [\mathcal {X}, \frac{1}{2} (1+\frac{3}{16} 2^{-m})R]$$\end{document}$, that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| \nabla \xi _m \right\| _{\underline{L}^{2(n+1)}(B_r)} \leqq C \left( \frac{r}{R} \right) ^{m+1} \left( \mathsf {H}_{m}^{m+1} \wedge \inf _{\phi \in \mathcal {L}_1} \frac{1}{R} \left\| v - \phi \right\| _{\underline{L}^2 \left( B_{R} \right) }\right) . \end{aligned}$$\end{document}$$Next, Theorem [1.6](#FPar6){ref-type="sec"}$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {(i)}_{n-1}$$\end{document}$ yields that we find $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\overline{w}_1,\ldots ,\overline{w}_{n-1}) \in \overline{\mathsf {W}}_{n-1}^{p}$$\end{document}$ such that, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \in \{1,\ldots ,n-1\}$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{1}{\mathcal {X}}\left\| w_m - \overline{w}_m \right\| _{\underline{L}^2(B_\mathcal {X})} \leqq C \mathcal {X}^{-\delta } \sum _{i=1}^m \left( \frac{1}{\mathcal {X}} \left\| \overline{w}_i \right\| _{\underline{L}^2(B_{\mathcal {X}})}\right) ^{\frac{m}{i}} . \end{aligned}$$\end{document}$$In particular, applying this inductively, assuming that the lower bound $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {R}$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {X}$$\end{document}$ is such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C \mathsf {R}^{-\delta } \leqq \frac{1}{2}$$\end{document}$, we deduce by ([7.20](#Equ230){ref-type=""}) that, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \in \{1,\ldots ,n-1\}$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| \nabla \overline{w}_k \right\| _{\underline{L}^2(B_\mathcal {X})} \leqq C \left( \frac{\mathcal {X}}{R} \right) ^{k} \left( \mathsf {H}_{k}^{k} \wedge \inf _{\phi \in \mathcal {L}_1} \frac{1}{R} \left\| v - \phi \right\| _{\underline{L}^2 \left( B_{R} \right) }\right) . \end{aligned}$$\end{document}$$By Remark [7.2](#FPar60){ref-type="sec"} we find a solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{w}_n$$\end{document}$ of$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} -\nabla \cdot \left( {\overline{\mathbf {a}}}_p \nabla \overline{w}_n \right) = \nabla \cdot \overline{\mathbf {F}}(p,\nabla \overline{w}_1,\ldots ,\nabla \overline{w}_{n-1}) \end{aligned}$$\end{document}$$satisfying, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \geqq \mathcal {X}$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| \nabla \overline{w}_n \right\| _{\underline{L}^2 \left( B_{r} \right) } \leqq C \left( \frac{r}{\mathcal {X}} \right) ^{n} \left( \sum _{i=1}^{n-1} \left\| \nabla \overline{w}_i \right\| _{\underline{L}^2 \left( B_{\mathcal {X}} \right) } \right) ^{\frac{n}{i}} . \end{aligned}$$\end{document}$$In view of ([7.23](#Equ233){ref-type=""}) this yields, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \geqq \mathcal {X}$$\end{document}$, that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| \nabla \overline{w}_n \right\| _{\underline{L}^2 \left( B_{r} \right) } \leqq C \left( \frac{r}{R} \right) ^{n} \left( \mathsf {H}_{n-1}^{n} \wedge \inf _{\phi \in \mathcal {L}_1} \frac{1}{R} \left\| v - \phi \right\| _{\underline{L}^2 \left( B_{R} \right) }\right) . \end{aligned}$$\end{document}$$By Remark [7.1](#FPar59){ref-type="sec"} we then find $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{w}_n$$\end{document}$ solving ([7.18](#Equ228){ref-type=""}) such that, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r\geqq \mathcal {X}$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| \tilde{w}_n - \overline{w}_n \right\| _{\underline{L}^2(B_r)} \leqq C r^{1-\delta } \left( \frac{r}{\mathcal {X}} \right) ^{n} \sum _{i=1}^n \left( \frac{1}{\mathcal {X}} \left\| \overline{w}_i \right\| _{\underline{L}^2(B_{\mathcal {X}})}\right) ^{\frac{n}{i}} . \end{aligned}$$\end{document}$$Now ([7.19](#Equ229){ref-type=""}) follows by ([7.23](#Equ233){ref-type=""}), ([7.24](#Equ234){ref-type=""}) and ([7.25](#Equ235){ref-type=""}) together with Theorem [1.3](#FPar3){ref-type="sec"}.

*Step 3.* We show the induction step, that is, we validate ([7.16](#Equ226){ref-type=""}) for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k=n$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \in [\mathcal {X}, \frac{1}{2} (1+ 2^{-n-2})R]$$\end{document}$. Denote $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\xi }_n := \xi _{n-1} - \frac{1}{n!} \tilde{w}_n$$\end{document}$. We begin by deducing an estimate for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\xi }_n$$\end{document}$. Appendix C tells us that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\xi }_n$$\end{document}$ solves the equation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} - \nabla \cdot \left( \mathbf {a}_p \nabla \tilde{\xi }_{n} \right) = \nabla \cdot \mathbf {E}_{n} \quad \text{ in } \ B_{R} \end{aligned}$$\end{document}$$and there exist constants $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C(n,\mathsf {M},\mathrm {data})<\infty $$\end{document}$ such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| \mathbf {E}_{n} \right\| _{\underline{L}^{2} \left( B_{r} \right) } \leqq C \sum _{i=0}^{n-1} \left\| \nabla \xi _{i} \right\| _{\underline{L}^{2(n+1)} \left( B_{r} \right) }^{\frac{n+1}{i+1}} + C \sum _{i=1}^{n-1} \left\| \nabla w_i \right\| _{\underline{L}^{2(n+1)} (B_r)}^{\frac{n+1}{i}} . \end{aligned}$$\end{document}$$By ([7.21](#Equ231){ref-type=""}) and ([7.20](#Equ230){ref-type=""}) we then obtain, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \in [\mathcal {X}, \frac{1}{2} (1+\frac{3}{8} 2^{-n})R]$$\end{document}$, that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| \mathbf {E}_{n} \right\| _{\underline{L}^{2} \left( B_{r} \right) } \leqq C \left( \frac{r}{R} \right) ^{n+1} \left( \mathsf {H}_{n-1}^{n+1} \wedge \inf _{\phi \in \mathcal {L}_1} \frac{1}{R} \left\| v - \phi \right\| _{\underline{L}^2 \left( B_{R} \right) }\right) . \end{aligned}$$\end{document}$$Next, set, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j\in \mathbb {N}_0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_j := \frac{1}{2} \theta ^j (1+2^{-n-2})R$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta (n,\mathsf {M},\mathrm {data}) \in \left( 0,\frac{1}{2} \right] $$\end{document}$ will be fixed shortly. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _0 \in \mathcal {A}_{n+2}^p$$\end{document}$ and, for given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _{j} \in \mathcal {A}_{n+2}^p$$\end{document}$, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h_{j}$$\end{document}$ solve$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\{ \begin{aligned}&-\nabla \cdot \left( \mathbf {a}_p \nabla h_j \right) = 0&\text{ in }&\ B_{r_{j}},\\&h_j = \tilde{\xi }_n - \phi _{j}&\text{ on }&\ \partial B_{r_{j}}. \end{aligned} \right. \end{aligned}$$\end{document}$$By testing and ([7.27](#Equ237){ref-type=""}) we get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| \nabla \tilde{\xi }_n - \nabla \phi _{j} - \nabla h_j \right\| _{\underline{L}^{2} \left( B_{r_{j}} \right) } \leqq C \left( \frac{r}{R} \right) ^{n+1} \left( \mathsf {H}_{n-1}^{n+1} \wedge \inf _{\phi \in \mathcal {L}_1} \frac{1}{R} \left\| v - \phi \right\| _{\underline{L}^2 \left( B_{R} \right) }\right) . \end{aligned}$$\end{document}$$Furthermore, by \[[@CR1], Theorem 5.2\], there is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\phi }_{j+1} \in \mathcal {A}_{n+2}^p$$\end{document}$ such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| \nabla h_j - \nabla \tilde{\phi }_{j+1} \right\| _{\underline{L}^{2}(B_{r_{j+1}})} \leqq C \theta ^{n+2} \left\| \nabla h_j - \nabla \phi _{j} \right\| _{\underline{L}^{2}(B_{r_{j}})} . \end{aligned}$$\end{document}$$Combining, we have by the triangle inequality, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _{j+1} := \tilde{\phi }_{j+1} + \phi _{j} \in \mathcal {A}_{n+2}^p$$\end{document}$, that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| \nabla \tilde{\xi }_n- \nabla \phi _{j+1} \right\| _{\underline{L}^{2} (B_{r_{j+1}})}&\leqq C \theta ^{n+2} \left\| \nabla \tilde{\xi }_n - \nabla \phi _{j} \right\| _{\underline{L}^{2}(B_{r_{j}})} \\&\quad + C \theta ^{-\frac{d}{2}} \left( \frac{r}{R} \right) ^{n+1} \left( \mathsf {H}_{n-1}^{n+1} \wedge \inf _{\phi \in \mathcal {L}_1} \frac{1}{R} \left\| v - \phi \right\| _{\underline{L}^2 \left( B_{R} \right) }\right) . \end{aligned}$$\end{document}$$Choosing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C\theta ^{1/2} = 1$$\end{document}$, we thus arrive at$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\frac{1}{r_{j+1}^{n+1}} \left\| \nabla \tilde{\xi }_n - \nabla \phi _{j+1} \right\| _{\underline{L}^{2} (B_{r_{j+1}})} \\&\quad \leqq \frac{ \theta ^{1/2} }{r_{j}^{n+1}} \left\| \nabla \tilde{\xi }_n - \nabla \phi _{j} \right\| _{\underline{L}^{2+\theta }(B_{r_{j}})} + \frac{C}{R^{n+1}} \left( \mathsf {H}_{n-1}^{n+1} \wedge \inf _{\phi \in \mathcal {L}_1} \frac{1}{R} \left\| v - \phi \right\| _{\underline{L}^2 \left( B_{R} \right) }\right) . \end{aligned}$$\end{document}$$It follows by iteration that, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \in [\mathcal {X}, \frac{1}{2} (1+ 2^{-n-2})R]$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \inf _{\phi \in \mathcal {A}_{n+2}^p } \left\| \nabla \tilde{\xi }_n - \nabla \phi \right\| _{\underline{L}^{2} (B_{r}) }&\leqq C\left( \frac{r}{R} \right) ^{n+3/2} \inf _{\phi \in \mathcal {A}_{n+2}^p } \left\| \nabla \tilde{\xi }_n - \nabla \phi \right\| _{\underline{L}^{2} (B_{r_0}) } \\&\quad + C\left( \frac{r}{R} \right) ^{n+3/2} \left( \mathsf {H}_{n-1}^{n+1} \wedge \inf _{\phi \in \mathcal {L}_1} \frac{1}{R} \left\| v - \phi \right\| _{\underline{L}^2 \left( B_{R} \right) }\right) . \end{aligned}$$\end{document}$$We can now revisit \[[@CR4], Proof of (3.49)\] and obtain that there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi \in \mathcal {A}_{n+1}^p$$\end{document}$ such that, taking $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_n = \tilde{w}_n + \phi $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi _n := \xi _{n-1} - \frac{1}{n!} w_n$$\end{document}$, we get, for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \in [\mathcal {X}, \frac{1}{2} (1+2^{-n-2})R]$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| \nabla \xi _n \right\| _{\underline{L}^{2} (B_{r}) } \leqq C \left( \frac{r}{R} \right) ^{n+1} \left( \mathsf {H}_{n}^{n+1} \wedge \inf _{\phi \in \mathcal {L}_1} \frac{1}{R} \left\| v - \phi \right\| _{\underline{L}^2 \left( B_{R} \right) }\right) \end{aligned}$$\end{document}$$Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi \in \mathcal {A}_{n+1}^p$$\end{document}$, we see that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(w_1,\ldots ,w_n) \in \mathsf {W}_n^p$$\end{document}$. Now ([7.16](#Equ226){ref-type=""}) follows for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k=n$$\end{document}$ by the previous inequality together with the Caccioppoli estimate and ([7.27](#Equ237){ref-type=""}). The proof is complete. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\quad \square $$\end{document}$

Appendix A: Deterministic Regularity Estimates {#Sec29}
==============================================

In this first appendix, we record some deterministic regularity estimates of Schauder and Calderón--Zygmund type for linear equations with Hölder continuous coefficients. These estimates, while well-known, are not typically written with explicit dependence on the regularity of the coefficients, which is needed for our purposes in this paper.
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---------------
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-----
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Proposition A.2 {#FPar63}
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In this appendix, we show that ([2.13](#Equ45){ref-type=""}) holds.
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---------
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-----
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Appendix C: Linearization Errors {#Sec31}
================================

In this appendix we compute the equation satisfied by a higher-order linearization error and thereby obtain gradient estimates.

Lemma C.1 {#FPar67}
---------
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Appendix D: Regularity for Constant Coefficient Linearized Equations {#Sec32}
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In this section we give an alternative proof of the statement that $\documentclass[12pt]{minimal}
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